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Abstract. 1 This papers introduces a generic framework for OBDD variants with weighted edges. It covers many boolean and multi-valued OBDD-variants that
have been studied in the literature and applied for the
symbolic representation and manipulation of discrete functions. Our framework supports reasoning about reducedness and canonicity of new OBDD-variants and provides
a platform for the implementation and comparison of
OBDD-variants. Furthermore, we introduce a new multivalued OBDD-variant, called normalized algebraic decision diagram, which supports min/max-operations and
turns out to be very useful for, e.g., integer linear programming and model checking probabilistic systems. Finally, we explain the main features of an implementation of a newly developed BDD-package, called JINC,
which relies on our generic notion of weighted decision
diagrams, and realizes various synthesis algorithms, reordering techniques and transformation algorithms for
boolean and multi-terminal OBDDs, without or with
edge-attributes, and their zero-suppressed analogons.

1 Introduction
Since the introduction of Bryant’s ordered binary decision diagrams (OBDDs) as a symbolic data structure for
boolean functions [7,8], many application areas of OBDDs and their variants have been discovered, ranging
from the verification of combinatorial and sequential circuits, model checking reactive systems, several CAD applications, matrix-vector computations, stochastic planning, counting problems, integer programming, and genetic programming, see e.g. [30, 16, 32, 12, 31, 45].
1 Both authors are supported by the DFG-NWO project VOSS
II. The second author is supported by the DFG-projects PROBPOR and SYANCO.

Ordinary OBDDs and their boolean variants, such as
shared OBDDs with negated edges [33], functional decision diagrams [25, 4] or zero-suppressed BDDs [22, 32],
represent boolean functions. They rely on a compactification of binary decision trees, and thus provide a natural way for representing circuits and other graph-based
structures. In the same way, multi-terminal variants of
OBDDs provide a simple and natural representation for
discrete functions with a non-boolean range, such as multiterminal BDDs (MTBDDs) [1, 10, 2, 14], edge-valued BDDs
(EVBDDs) [44] and their factored variant (FEVBDDs)
[43], binary moment diagrams (BMDs) [9], K∗ BMDs [39],
hybrid decision diagrams (HDD) [11] or multi-valued decision diagrams (MDD) [24]. Which BDD-variant yields
the most compact representation and provides the most
efficient algorithms for the synthesis and manipulation,
depends on the concrete application area. Even often a
combination of several boolean and multi-terminal BDD
variants, together with appropriate transformation algorithms, is useful. For instance, probabilistic model checking relies on graph based algorithms to examine the
topological structure of a model and on real-valued matrices to represent the probability matrix [18], and therefore requires a combination of ordinary BDDs with multivalued DD variants [26].
The variants of OBDDs can be classified according to
the expansion law and type of edge-attributes they use.
All OBDD-variants have in common that an efficient implementation requires an appropriate notion of reducedness and criteria that ensure canonicity. The latter is
crucial for checking equality and for the space efficiency.
Several other concepts that have been originally developed for ordinary OBDDs, such as Bryant’s apply algorithm for the synthesis of OBDDs or algorithms for improving the variable ordering, can be adapted for OBDDvariants. However, the implementation as well as formal
correctness proofs of such adaptions are often somehow
tedious, as they rely on copying known concepts. The
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purpose of our paper is to work out the common principles that yield the basis for the reducedness, canonicity,
synthesis and transformation algorithms of a wide range
of OBDD-variants. More precisely, the contribution of
this paper consists of three parts:

priate for our applications, which rely on complex matrix
operations.
Normalized algebraic decision diagrams (NADDs) are
special instances of WDDs for representing real-valued
functions. Like FEVBDDs, they use affine mappings as
edge attributes, but require that the maximum and min(1) a uniform framework to reason about OBDDs with
imum of any inner node is 1 and 0, respectively. This
edge-attributes,
property makes NADDs comparably efficient for appli(2) the introduction of a new real-valued OBDD-variant,
cations that require reasoning with extrema, the comcalled normalized algebraic decision diagrams (NADDs),
parison of functions with thresholds, or composing funcwhich supports reasoning about function minima and
tions via the minimum or maximum operator. Examples
maxima,
for such applications are symbolic algorithms for integer
(3) the implementation of a BDD-package, called JINC
linear programming [40] or model checking probabilistic
[35], that relies on our general framework and supsystems [17,5].
ports the function representation and manipulation
The last part of this paper summarizes the main feawith ordinary OBDDs, OBDDs with negated edges,
tures of JINC, a new and easy to use OBDD package
MTBDDs, EVBDDs, FEVBDDs, NADDs, and zerothat turned out to be comparably efficient and even outsuppressed (MT)BDDs.
performs other BDD-packages such as CUDD [41, 42].
The implementation of JINC follows the principals of
Our general framework will focus on OBDD-variants that
OWDDs. Benchmarks for integer linear programs based
are based on the Shannon expansion stating that f =
on JINC show the advantage of NADDs in this area.
(¬z ∧ f |z=0 ) ∨ (z ∨ f |z=1 ) for each variable of a boolean
function f and its algebraic analogon f = (1−z)∗f |z=0 +
z ∗ f |z=1 for real-valued functions f . Here, f |z=0 means
Organization. Section 2 summarizes the main concepts
the cofactor of f obtained by freezing value 0 for variable
of ordinary BDDs and their multi-valued variants. The
z. The Shannon expansion is inherent in the semantics
concept of weighted decision diagrams will be discussed
of, e.g., ordinary OBDDs, OBDDs with negated edges,
in Section 3, while Section 4 introduces normalized algeMTBDDs, EVBDDs and FEVBDDs. Our general nobraic decision diagrams. Section 5 summarizes the main
tion of weighted decision diagrams (WDDs) covers all
features of our BDD-package JINC. We finally report on
these OBDD-variants with edge attributes relying on
some experimental studies (Section 6) and conclude in
the Shannon expansion. The attributes (weights) of the
Section 7.
edges stand for transformations that have to be applied
Parts of this paper are based on material presented
to the cofactors represented by the target state of the
at the Calculemus Workshop 2005 [34].
edges. The concept of WDDs, together with our considerations concerning the reducedness and canonicity of
WDDs, provides a uniform and elegant way to reason
2 Preliminaries
about edge-weighted OBDDs, supports the introduction
of new OBDD-variants and yields the basis for studyThroughout the paper, we assume the reader to be familing the efficiency and for the design of transformation
iar with the basic concepts of binary decision diagrams,
algorithms. This concept has some parallels to Höreth’s
which can be found e.g. in the text books [16, 32, 12, 31,
word-level graph manipulation package [21]. The moti45]. We just summarize here the main ideas and explain
vation there was to combine different OBDD variants
our notations that will be used in the further sections.
inside one package and to support transformations between them. [21] is focused on word level decision diVariables, evaluations, IK-functions. Throughout
agrams (WLDDs) which are decomposed by moments
the paper, Z = {z1 , . . . , zn } denotes a finite set of Boolean
(BMDs and variants) while the focus of our approach
variables. An evaluation of Z is a function η : Z → {0, 1}
is based on DD-variants with the Shannon expansion.
that assigns a boolean value η(z) ∈ {0, 1} to each variHöreth does not provide a general framework to reason
able z ∈ Z. We write Eval (Z) for the set of all evaluaabout canonicity. Factored DD-variants like FEVBDDs
tions of Z.
and NADDs which turned to be very useful for our purposes are not covered by [21].
Let ξ = (ξ1 , . . . , ξk ) ∈ {0, 1}k be a boolean vector
[13] also discusses a generic framework for DD-variants. of length k and z = (zi1 , . . . , zik ) a tuple of k pairwise
distinct variables zij ∈ Z. Then, η z = ξ denotes the
The main focus of this paper is the expression of sevevaluation µ ∈ Eval (Z) with µ(zij ) = ξj for j = 1, . . . , k,
eral operations for multi-valued logic functions in finite
and µ(z) = η(z) for z ∈ Z \ z. (Here and in the sequel,
semirings by means of the ITE and CASE operators. The
we identify variable tuples with the corresponding set
considered DD-variants (e.g. Galois field DDs (GFDDs),
of variables.) Similarly, if z = (zi1 , . . . , zin ) is a permuReed-Muller-Fourier DDs (RMFDDs) and Kronecker Gatation of the variables in Z and ξ = (ξi1 , . . . , ξin ) then
lois Field DDs (KGFDDs)) do not apprear to be appro-
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Fig. 1. Decision Tree and corresponding OBDD

Fig. 2. The idea of negative edges

[z = ξ] denotes the evaluation that assigns the boolean
value ξj to variable zij for j = 1, . . . , n.
Let IK be a nonempty set. A IK-function over Z
is a function f : Eval (Z) → IK. The set of all IKfunctions over Z = {z1 , . . . , zn } is denoted by IK(Z)
or IK(z1 , . . . , zn ). Given an evaluation [z = ξ] for Z, we
often simply write f (ξ) rather than f ([z = ξ]).
Boolean (or switching) functions arise from IK = IB
where IB = {0, 1}. Thus, IB(Z) denotes the set of all
boolean functions f : Eval (Z) → {0, 1}. Another important special case is IK = IR where IR(Z) identifies the
real-valued functions f : Eval (Z) → IR. Using appropriate binary encodings for the rows and columns, IRfunctions can be used to represent real-valued matrices,
graphs with real-valued edge labels, or probabilistic transition systems. For a tuple z = (zi1 , . . . , zik ) of pairwise
distinct variables in Z, ξ = (ξ1 , . . . , ξk ) and f ∈ IK(Z),
the cofactor f |z=ξ is defined by f |z=ξ (η) = f (η[z = ξ]).
Variable z is called essential for f if f |z=0 6= f |z=1 .
A variable ordering for Z is a permutation π = (zi1 ,
. . . , zin ) of the variables in Z. Each variable ordering π
induces a total order <π in the obvious way, i.e., zij <π
zik iff j < k. Given f ∈ IK(Z), the cofactors of the
form f |zi1 =ξ1 ,...,zik =ξk where zi1 , . . . , zik are the first k
variables of π are called π-consistent.

from a node v to its 1-successor succ 1 (v)) and a dashed
line for 0-edges. Node v is called z-node if v is an inner
node with var (v) = z.
The semantics of an OBDD B is the boolean function fB = fv0 ∈ IB(Z) associated with its root nodes v0 ,
where the functions fv are defined by fd = value(d) for
each drain d and fv = (¬z ∧ fsucc 0 (v) ) ∨ (z ∧ fsucc 1 (v) )
for each z-node v. An OBDD B is called reduced if
fv 6= fw for all nodes v, w where v 6= w. Reduced πOBDDs provide a universal data structure for boolean
functions (i.e., for each f ∈ IB(Z) there exists a reduced
π-ROBDD B with f = fB ) and enjoy the weak canonicity property stating that two reduced π-OBDDs for the
same function f are isomorphic (i.e., equal up to the
names of the nodes).
The most popular and efficient way to implement
BDD-based algorithms is to use the concept of shared
OBDDs [33] (SOBDDs), which are defined as reduced
OBDDs, except that there might be more than one root
node. Since SOBDD provide a canonical representations
of boolean functions (in the sense that that the functions
fv , fw of nodes v and w agree iff v = w), equivalence
checking can be reduced to the comparison of nodes and
performed in constant time. Boolean operators can be
realized on SOBDDs by DFS- or BFS-based top-down
traversal of the relevant subgraphs and – using appropriate cache- and hash-techniques – in time linear in the
sizes of the corresponding sub-OBDDs. To support the
negation operator, [33] introduced the concept of negated
edges. The idea is simply to attach one bits per edge indicating whether the function of the target node or its
negation is represented. Reducedness now means that for
each pair (v, w) of nodes v 6= w the functions fv and fw
neither agree nor they are negations of each other. Figure 2 illustrates the idea of negative edges. The dot on
a edge means that the function represented by the succeeding node has to be negated. Instead of changing the
values bits of an incoming edge of node v can be altered
to generate a representation of ¬fv . The transformation
of an OBDD into an equivalent reduced OBDD with
negated edges is illustrated in Figure 2.
To ensure canonicity in SOBDDs with negated edges,
some further restrictions are necessary. For instance, [33]
requires that only 0-edges are augmented with complement bits, while the 1-edges cannot be negated.

Binary Decision Diagrams. Bryant’s ordered binary
decision diagrams (OBDDs) [7] are data structures for
boolean functions. They rely on a compactification of decision trees by collapsing subtrees representing the same
function. A simple example is given in Figure 1.
Formally, an OBDD for Z and variable ordering π =
(zi1 , . . . , zin ) for Z is a rooted directed acyclic graph B
where each inner (non-terminal) node v is labeled with
its variable name var (v) ∈ Z and has exactly two edges
directed towards its two children succ 0 (v) and succ 1 (v),
corresponding to the value assigned to variable var (v).
Each drain (terminal node) d is labeled with a value
value(d) ∈ IB. Furthermore, it is required that on every
path v0 , . . . , v` from the root v0 to a drain v` the order of
the variables appearing on that path is consistent with
π, i.e., var (vi−1 ) <π var (vi ) for 1 ≤ i < `. In particular,
OBDDs enjoy the read once property stating that on
every path each variable appears at most once. In the
pictures, we use solid lines for the 1-edges (i.e., edges
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Fig. 3. MTBDD for 3x − 12 y + 4

Decision diagrams for multi-valued functions.
To represent IK-functions where |IK| ≥ 3, several variants of OBDDs have been proposed that assign values
in IK to the drains. The simplest multi-valued variant
of OBDDs are multi-terminal binary decision diagrams
(MTBDDs), also called algebraic decision diagrams [14,
15]. The syntax of MTBDDs is the same as for OBDDs, except that value(d) ∈ IK for each drain d. Figure
3 shows the MTBDD-representation of the IR-function
3x − 12 y + 4.
Variants of MTBDDs for representing real-valued functions are edge-valued binary decision diagrams (EVBDDs) [44] and their factored variant (FEVBDDs) [43].
The former attached additives weights to the edges. The
meaning of an edge with the additive weight b is the
transformation f 7→ f + b. Thus, EVBDDs allow to collapse all cofactors that only differ by an additive constant. FEVBDDs use pairs consisting of an additive and
a multiplicative weight as edge attributes. The meaning
of an edge with the attribute (a, b) stands for the transformation f 7→ af + b. Compared to MTBDDs, edgevalued BDDs yield the advantage that the operation
f 7→ f + c for some constant c can be performed in constant time, while FEVBDD additionally support scalar
multiplication. Furthermore, FEVBDDs provide a more
compact representation than EVBDDs, which again are
more efficient than MTBDDs. For both EVBDDs and
FEVBDDs, some restrictions for the edge attributes are
required to guarantee canonicity. E.g., one might require
that only the 0-drain is used and that only the 1-edges
are augmented with weights, while no weights are attached to the 0-edges [44, 43]. For FEVBDDs, further
restrictions are necessary to ensure the uniqueness of
FEVBDD-representations. This will be discussed later.
An example for an EVBDD and a FEVBDD is given in
Figure 4.
The proofs for the soundness of such restrictions for
(F)EVBDDs and other types of edge-attributes (to ensure universality and canonicity) rely on a series of cases
and are somehow tedious. In the next section, we introduce a uniform framework to reason about the reducedness and canonicity of weighted decision diagrams. This
frameworks covers all BDD-variants mentioned above
and provides the basis to introduce new variants of multi-

Fig. 4. (a) EVBDD and (b) FEVBDD of 3x + xy + y + 4

terminal BDDs with edge-attributes that rely on the
Shannon expansion.
3 Weighted Decision Diagrams
Several techniques that have been originally proposed for
OBDDs can be adapted for the attributed variants. This
includes implementation techniques such as the use of
unique and computed tables, algorithms to realize composition operators or for improving the variable ordering, and also mathematical reasoning about universality
and canonicity. The purpose of this section is to provide
a general framework for OBDD-variants which yields a
uniform platform for theoretical considerations (proving universality and uniqueness, comparison of OBDDvariants, etc.) and implementation issues, such as synthesis algorithms or transformations between different
OBDD-variants.
3.1 Syntax and semantics
We first present the general definition of ordered weighted
decision diagrams, OWDDs for short. They rely on a
fixed type of transformations that serve as weights for
the edges. That is, the edges of an OWDD are augmented with bijections ϕ : IK → IK. The idea is that
any ϕ-labelled edge to (a node for) a function f stands
for the function ϕ ◦ f . To reason about reducedness and
canonicity, certain restrictions are needed for the types
of bijections that are used:
Notation 1 (Transformation-types, the sets Φ and Φc )
In the sequel, let Z be a finite set of boolean variables, IK
a set with at least two elements2 . A transformation-type
for K is a pair T = (Φ, Φc ) consisting of a nonempty set
Φ consisting of bijections IK → IK such that
(1) Φ is closed under inversion and composition, i.e., if
ϕ, ψ ∈ Φ then ϕ−1 ∈ Φ and ϕ ◦ ψ ∈ Φ. (In particular,
Φ contains the identity id .)
(2) If f ∈ IK(Z) is non-constant, ϕ ∈ Φ and f = ϕ ◦ f
then ϕ = id .
2 The requirement IK to be a semi-ring as in [2] could be added,
but it is irrelevant as long as we do not speak about operations on
IK.
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and a nonempty subset Φc of Φ such that condition (1)
holds for Φc instead of Φ and
(2’) if f ∈ IK(Z) is constant and ϕ ∈ Φc such that f =
ϕ ◦ f then ϕ = id .

Conditions (1) and (2) are important for the uniqueness of the function representation as we have:
Lemma 1. If ϕ, ψ ∈ Φ, f ∈ IK(Z) is non-constant and
ϕ ◦ f = ψ ◦ f then ϕ = ψ.
Proof. ϕ ◦ f = ψ ◦ f yields f = (ϕ−1 ◦ ψ) ◦ f and
ϕ−1 ◦ ψ ∈ Φ by (1). Hence, ϕ−1 ◦ ψ = id by (2).

In some BDD-variants with weighted edges, the constant functions (represented by the incoming edges of
the drains) require a special treatment as there might
be several possibilities to transform a constant c ∈ IK
into another constant c0 ∈ IK via the bijections ϕ ∈ Φ.
This motivates the use of Φc ⊆ Φ. In fact, the analog
statement of Lemma 1 holds for ϕ, ψ ∈ Φc and constant
functions.
Definition 1 (Ordered Weighted decision diagram
(OWDD)). Let Z, IK and T = (Φ, Φc ) be as above and
π a variable ordering for Z. A π-OWDD for (Z, IK, T ) is
a rooted, binary branching, acyclic graph B with several
additional information. For the inner nodes, we have
– a function var that assigns a variable var (v) ∈ Z to
any inner node v,
– functions v 7→ succ 0 (v) and v 7→ succ 1 (v) that specify the successors of v,
– functions v 7→ φ0 (v) and v 7→ φ1 (v) that specify the
transformations associated with the outgoing edges
from v.
For the terminal nodes, we have a function v 7→ value(v) ∈
IK. If v is an inner node and ξ ∈ {0, 1} such that succ ξ (v)
is an inner node then we require that var (v) occurs in
π before var (succ ξ (v)) and φξ (v) ∈ Φ. If succ ξ (v) is a
terminal node then we require φξ (v) ∈ Φc .
The root of B is a pair r = hφr , vr i consisting of a
function φr ∈ Φ ∪ Φc and a node vr from which all other
nodes in B are reachable. As for the edges we require
φr ∈ Φ if vr is an inner node and φr ∈ Φc if vr is terminal.
(In this case, vr is the only node in B.)

The semantics of a OWDD B is formalized by associating a function fv ∈ IK(Z) to any node in B and a
function for the root r. Intuitively, an incoming edge of
node v labelled with ϕ stands for the function ϕ ◦ fv .
Notation 2 (Semantics of OWDDs) Let Z, IK, T =
(Φ, Φc ), π be as above and B an π-OWDD for (Z, IK, T ).
The function fB for B is the function induced by its
root r = hφr , vr i which is given by fB = φr ◦ fvr where
the function fv for the nodes is defined in a bottom-up
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fashion. (The level of a z-node denotes the position of
variable z in π. The nodes on the bottom-level are the
terminal nodes.)
The terminal nodes (drains) represent constant functions as expected, i.e., fv = value(v) for any terminal
node v. If v is a z-node then fv : Eval (Z) → IK is defined as follows. Let η ∈ Eval (Z) and η(z) = ξ ∈ {0, 1}
then fv (η) = φξ (v) ◦ fsucc ξ (v) (η). Thus, fv is given by
the function
fv = ITE(z, φ1 (v) ◦ fsucc 1 (v) , φ0 (v) ◦ fsucc 0 (v) )
where ITE : B(Z) × IK(Z) × IK(Z) → IK(Z) is the
If-Then-Else-operator which is defined as follows. Let
β ∈ B(Z) be a boolean function, f1 , f2 ∈ IK(Z) two
IK-functions and η ∈ Eval (Z) an evaluation. Then,

f1 (η) : if β(η) = 1,
ITE(β, f1 , f2 )(η) =
f2 (η) : if β(η) = 0.

That is, if IK = {0, 1} then we may write fv as
fv = (¬z ∧ φ0 (v) ◦ fsucc 0 (v) ) ∨ (z ∧ φ1 (v) ◦ fsucc 1 (v) )
and if IK = IR
fv = (1 − z) · (φ0 (v) ◦ fsucc 0 (v) ) + z · (φ1 (v) ◦ fsucc 1 (v) ).
Before discussing the reducedness and canonicity for OWDDs,
we observe that the notion of OWDDs covers several
types of known BDD-variants.
For IK = {0, 1} our notion of OWDDs specializes
to ordinary OBDDs [7], when dealing with the trivial
transformation-type TID = (Φ, Φc ) where Φ = Φc = {id }.
Ordered BDDs with negated edges [33] are obtained by
the transformation-type TNEG = (Φ, Φc ) where Φ = Φc =
{id , ¬}.
For IK = IR (or IK = IN or any other semi-ring)
MTBDDs [2, 14] are obtained through TID = ({id }, {id }),
while edge-valued BDDs [44] arise from the transformationtype TEV = (Φ, Φc ) where Φ = Φc = {x 7→ x + b : b ∈ IK}.
Factored edge-valued BDDs (FEVBDDs) arise as special instances of OWDDs by dealing with the affine transformations x 7→ ax + b where a, b ∈ IR and a 6= 0. (Note
that the requirement a 6= 0 is necessary, since the elements of Φ must be bijections.)
That is, we deal with

TFEV = (Φ, Φc ) where Φ = x 7→ ax + b : a, b ∈ IK, a 6=
0 . Here, the incoming edges of the drains require a special treatment since given two constant functions c and
c0 , there is no unique pair (a, b) such that c0 = ac + b.
For this reason, in TFEV , the transformation-set Φc for
the constant functions is the set of functions x 7→ x + b
where b ∈ IK.
Fig. 5 shows four FEVBDDs where we simply write
(a, b) to denote the function x 7→ ax + b. The OWDD in
(1) represents the function 3y + 1, while the OWDDs in
(2.a), (2.b) and (2.c) represent the function f = x(1 +
2y). The following example shows how the function f
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(1)

(2.a)

(2.b)

(2.c)

Fig. 5. Example for OWDDs with multiplicative and additive edge-weights

represented by the OWDD in Figure (2.a) can be calculated. The functions fx and fy for the x- and y-node are
obtained by:
– fy = (1 − y) · (1 + 0) + y · (3 + 1) = 3y + 1
– fx = (1 − x) · (0 + 0) + x · (1 · fy + 0) = x · (3y + 1)

– If f, g ∈ IK(Z) such that f is non-constant then f ≡T
g if there exists ϕ ∈ Φ with f = ϕ ◦ g.
– If f, g ∈ IK(Z) such that f is constant then f ≡T g
if there exists ϕ ∈ Φc with f = ϕ ◦ g.


Note that ≡ is in fact an equivalence. First, the symmetry of ≡ is obtained by the observation that f = ϕ ◦ g
Remark 1. The semantics of OWDDs relies on the Shanfor some ϕ ∈ Φ implies (i) g = ϕ−1 ◦ f and ϕ−1 ∈ Φ
non expansion. To treat other composition rules (e.g.,
and (ii) g is constant iff so is f . In particular, f 6≡ g
the ones that are inherent in the meaning of zero-suppressed if f is constant while g is not. Furthermore, f ≡ f (as
BDDs [32] or binary moment diagrams [9]), our framef = id ◦ f and id ∈ Φc ⊆ Φ) and if f ≡ g, g ≡ h then
work has to be generalized by requiring that beside the
f ≡ h, as f = ϕ ◦ g and g = ψ ◦ h implies f = (ϕ ◦ ψ) ◦ h.
transformation-set Φ we are given an appropriate comMoreover, we have f ≡ g iff there there exists ϕ, ψ ∈
position operator Ωπ (which might depend on the variΦ (ϕ, ψ ∈ Φc if f and g are constant) such that ϕ ◦ f =
able ordering π) such that the function represented by a
ψ ◦ g, since then f = (ϕ−1 ◦ ψ) ◦ g ≡ g.
z-node v is given by
In the sequel, capitol letters F, G, . . . will be used for
the equivalence classes of IK(Z) under ≡.
fv = Ωπ (z, ϕ0 (v) ◦ fsucc 0 (v) , ϕ1 (v) ◦ fsucc 1 (v) ).
Definition 2 (Reduced OWDDs). A π-OWDD B is
We did not use this (more general) approach, since the
called reduced iff for all nodes v, w in B we have v 6= w
Shannon expansion is the simplest and most intuitive deimplies fv 6≡ fw .

composition rule. However, the following techniques for
Example 1. The two π-OWDDs with transformation type
OWDDs could also be adopted for the general approach.
TFEV shown in Fig. 5 (2.b) and (2.c) are reduced, while

the ones in Fig. 5 (1) and (2.a) are not. In (2.a), the two
sinks represent (constant) functions that can be trans3.2 Reducedness
formed to each other via bijections in Φc . In (1), the two
y-nodes represent (non-constant) functions that can be
Since OWDDs rely on the Shannon expansion and since
transformed to each other via bijections in Φ.

each IK-function f can be decomposed into f = ITE(z,
f |z=1 , f |z=0 ), it is clear that π-OWDDs provide a univerWith the definition of reducedness on OWDDs there
sal data structure for IK-functions. We simply may repis still freedom to choose the representatives in the ≡resent any cofactor f |zi1 =ξ1 ,...,zik =ξk , that is consistent
equivalence classes. Thus, reduced π-OWDDs for the
with the given variable ordering π = (zi1 , . . . , zin ), by
same function need not to be isomorphic. (We use the noan OWDD-node and attach the trivial weight φ = id to
tion “isomorphism” for π-OWDDs B and C in the sense
each edge. (Recall that id belongs to Φ and Φc .) However,
that B and C agree up to renaming of the nodes.) Inthe so-obtained OWDDs contain many redundancies and
stead, as we will see in Theorem 4, reduced π-OWDDs
cannot ensure a canonical representation. We now introare weakly isomorphic by which we mean that they agree
duce the notion of reducedness of OWDDs which roughly
when abstracting away from the names of the nodes and
means lack of redundancies, and then discuss how canonignoring the weights for the edges and the root. In paricity can be ensured.
ticular, weakly isomorphic OWDDs have the same size
(number of nodes).
Notation 3 (The equivalence ≡T ) Let T = (Φ, Φc )
be a transformation-type (as in Notation 1). The equivLemma 2. Let f, g ∈ IK(Z) and f ≡ g. Then, f and g
alence ≡T , or briefly ≡, is the finest binary relation on
have the same essential variables and for all z ∈ Z we
IK(Z) satisfying the following rules:
have f |z=0 ≡ g|z=0 and f |z=1 ≡ g|z=1 .

This yields f = 1 · fx + 0 = x · (3y + 1).
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Proof. Let ϕ ∈ Φ (or ϕ ∈ Φc , respectively) such that
f = ϕ ◦ g.
f |z=ξ (η) = f (η[z := ξ])
= ϕ(g(η[z := ξ]))
= ϕ(g|z=ξ (η))
= (ϕ ◦ g|z=ξ )(η)
Therefore f |z=ξ = ϕ ◦ g|z=ξ ≡ g|z=ξ .



Lemma 2 yields that cofactors can be built for ≡equivalence classes. That is, if F ⊆ IK(Z) and ξ ∈
{0, 1} then we may write F |z=ξ to denote the unique
≡-equivalence class that contains the functions f |z=ξ for
all f ∈ F . A similar notation F |z1 =ξ1 ,...,zk =ξk is used if
we consider cofactors for several variables.
Theorem 4 (Weak canonicity of reduced OWDDs).
Let π be a variable ordering and B, C reduced π-OWDDs.
Then: If fB ≡ fC then B and C are weakly isomorphic.
In particular, |B| = |C|.
Proof. Let π = (z1 , . . . , zn ) be the variable ordering.
As fB ≡ fC we have [fB ]≡ = [fC ]≡ . Let FB = [fB ]≡ .
The proof establishes a 1-1-relationship between the cofactors3 FB |z1 =ξ1 ,...,zk =ξk and the nodes in B and C respectively. The equivalence of fB and fC together with
Lemma 2 yields that we can just argument with B and
get a result for all equivalent π-OWDDs.
We first observe that for each equivalence class F =
FB |z1 =ξ1 ,...,zk =ξk there is a node v in B such that fv
belongs to F . (such a node v is obtained by traversing
B according to the assignment [z1 = ξ1 , . . . , zk = ξk ]),
and vice versa, the function fv of each node v belongs
to FB |z1 =ξ1 ,...,zk =ξk if v is reachable from the root node
of B via the assignment [z1 = ξ1 , . . . , zk = ξk ]. As B is
reduced, there is a bisjection between the nodes in B and
the cofactors FB |z1 =ξ1 ,...,zk =ξk .
It remains to show that the edge-relation of B just
depends on the equivalence classes of these cofactors. We
prove this by induction on the number of levels. For the
bottom level, fB is constant and B consists of a root r =
hφ, vi where v is terminal node, representing a function
in [fB ]≡ (as we have fB = φ ◦ fv and φ ∈ Φc ).
In the step of induction, we consider v is an inner
node in B such that [fv ]≡ = FB |z1 =ξ1 ,...,zk =ξk then v is
labelled with a variable z` where ` > k and z` is the
first essential variable for fv (and all functions in [fv ]≡ ).
Moreover, the function fv0 for the 0-successor v0 of v is
in the equivalence class
[fv ]≡

z` =0

= FB |z1 =ξ1 ,...,zk =ξk ,...,z` =0

for arbitrary assignments of the variables zk+1 , . . . , z`−1 .
A similar condition holds for the 1-successor of v. Hence,
if we ignore the edge-weights then all reduced π-OWDDs
for the same function have the same structure.

3

Note that some of these cofactors might agree.
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Theorem 4 yields that for fixed transformation-type
T = (Φ, Φc ), variable ordering π and IK-function f , all
reduced π-OWDDs for f have the same structure, and
thus the same number of nodes. but possibly different
weights on the edges. This observation yields a simple
reduction algorithm that traverses the given (possibly
not reduced) OWDD B in bottom-up manner and collapses redundant nodes on each level. We start with the
level of the drains, and then successively treat the level
of all zin -nodes, then the level of all zin−1 -nodes, etc.,
where π = (zi1 , . . . , zin ). On each level, we work in two
phases. Phase 1 realizes the so-called elimination-rule
which collapses all drains with the same value (for the
bottom level) and removes all inner nodes v such that

hφ0 (v), succ 0 (v)i = hφ1 (v), succ 1 (v)i

(for all other levels). More precisely, eliminating node v
where hφ0 (v), succ 0 (v)i = hφ1 (v), succ 1 (v)i means that
we replace any edge w → v = succ ξ (w) with w →
succ 1 (v) and assign the weight φξ (w) ◦ φ1 (v) to this new
edge. Phase 2 realizes the weighted analogon to the socalled isomorphism rule. It combines all nodes of the current level representing equivalent functions into a single
node. For this, we select nodes v1 , . . . , vk of the current
level such that the induced functions fvi are pairwise not
equivalent w.r.t. ≡ and such that the function fv of each
other node of the current level is equivalent to one of the
functions fvi . That is, fv = ϕ ◦ fvi for some ϕ ∈ Φ. (For
the bottom level, we require ϕ ∈ Φc .) We then redirect
any edge w → v = succ ξ (w) to w → vi and redefine its
weight by succ ξ (w) ◦ ϕ.
A further simple observation concerns the connection
between OWDDs of different transformation-types. Let
T1 = (Φ1 , Φc1 ) and T2 = (Φ2 , Φc2 ) be two transformationtypes for the same set IK such that Φ1 ⊆ Φ2 and Φc1 ⊆
Φc2 and assume we are given a fixed variable ordering π
and function f ∈ IK(Z) that is represented by reduced
π-OWDDs B1 over (IK, Z, T1 ) and B2 over (IK, Z, T2 ).
Since ≡T1 is finer than ≡T2 and since there is a oneto-one-correspondence between the nodes in Bi and the
≡Ti -equivalence classes of the π-consistent cofactors of
f , we have |B1 | ≥ |B2 |. A reduced π-OWDD for f over
(IK, Z, T2 ) is obtained from B1 by applying the above
reduction algorithm. Vice versa, a reduced π-OWDD for
f over (IK, Z, T1 ) is obtained from B2 by traversing B2
levelwise in a bottom up manner. For the treatment of
node v on the current level, we regard all incoming edges
w → v = succ ξ (w) and check whether φξ (w) ◦ fv ≡T1 fv .
If not then we either generate a new or reuse an existing
node u on v’s level such that φξ (w) ◦ fv ≡T1 fu and
replace the edge w → v by w → u. The weight of this
new edge is the unique function ϕ ∈ Φ1 (resp. Φc1 if v
and u are drains) such that φξ (w) ◦ fv = ϕ ◦ fu .

8
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3.3 Canonicity
Although reduced OWDDs for the same IK-function,
transformation-type and variable ordering have the same
topological structure, they cannot ensure unique representations. To guarantee canonical representations, which
is an essential aspect for all symbolic computations with
BDD-variants, we have to choose unique representatives
out of all equivalence classes w.r.t. ≡. We formalize this
by means of a selection function S : IK(Z)/ ≡→ IK(Z).
For f ∈ IK(Z), we simply write S(f ) rather than S([f ]≡ ).
Thus, we consider S as a function S : IK(Z) → IK(Z)
such that f ≡ S(f ) for all f ∈ IK(Z).
Definition 3 (S-reduced OWDDs). Let S be a selection rule. A π-OWDD B is called S-reduced if B is
reduced and fv = S(fv ) for all nodes v in B.

Theorem 5 (Canonicity of S-reduced OWDDs).
Let S a selection function and let B, C be S-reduced πOWDDs with fB = fC . Then, B and C are isomorphic.
Proof. Our argument is by induction on n = |Z| (number of variables).
If n = 0 then fB = fC is constant. Let c be the value
of fB = fC and c0 = S(c). Then, the root of B and C
consists of a terminal node labelled with c0 together with
the unique transformation ϕ ∈ Φc such that ϕ(c0 ) = c.
(The uniqueness of ϕ follows from the conditions for Φc .)
In the induction step, we assume that the root nodes
of B and C are inner nodes, say z-nodes. Then, z is the
first essential variable in fB = fC according to the ordering π. Let rB = hϕ, vi be the root of B and rC = hψ, wi
the root of C.
Then, ϕ ◦ fv = fB =
fC = ψ ◦ fw . Thus, fv ≡
z v
z w
fw . As B and C are S!0
!1
"0
"1
reduced we have fv = fw
and ϕ = ψ (by condition
(2) of Φ, cf. Notation 1).
v0
v1
w0
w1
For ξ ∈ {0, 1}, let vξ =
succ ξ (v), wξ = succ ξ (w), φξ (v) = ϕξ , φξ (w) = ψξ . Then,
ϕξ ◦ fvξ = fv |z=ξ = fw |z=ξ = ψξ ◦ fwξ . Hence, fvξ ≡ fwξ .
Again, as B and C are S-reduced, we get fvξ = fwξ and
ϕξ = ψξ (by the conditions for Φ and Φc ). By induction
hypothesis, the sub-OWDD with root nodes vξ and wξ
are isomorphic. Hence, B and C are isomorphic.

B

!

C

"

a ϕ ∈ Φc with ϕ(c) = f . Thus, we may use a OWDD
consisting of the root hϕ, vi where v is a terminal node
v labelled with c. In the induction step, we assume that
f is not constant.
Let z be the first essential variable of f according to π and let g =
z v
S(f ) and f = ϕ ◦ g where ϕ ∈ Φ.
For
ξ ∈ {0, 1}, let gξ = S(g|z=ξ ) and
!0
!1
g|
z=ξ = ϕξ ◦gξ where ϕξ ∈ Φ if g|z=ξ
v0
v1
is not constant and ϕξ ∈ Φc if g|z=ξ
is constant. By induction hypotheB0
B1
sis there exist S-reduced π-OWDDs
B0 and B1 for g0 and g1 respectively. We may assume
w.l.o.g. that B0 and B1 share the same nodes for common
cofactors. More precisely, we may assume that if w0 is a
node in B0 and w1 a node in B1 such that fw0 = fw1 then
w0 = w1 . (Otherwise the nodes in B1 can be renamed as
there is an isomorphism between the sub-OWDDs with
root nodes w0 and w1 , cf. Theorem 5.) We then may compose B0 , B1 to a S-reduced π-OWDD for f as shown in
the picture on the left.

!

3.4 Examples
Clearly, since ordinary OBDDs and MTBDDs do not
support other transformations than the identity, the equivalence classes are singletons, and hence, there is no choice
for the selection function. I.e., we have to deal with
S(f ) = f for all f ∈ IK(Z).
We now turn to a few examples of OWDDs with nontrivial weights. Although the chosen selection function
does not affect the size of the obtained reduced OWDDs,
crucial aspects for an efficient realization are that the selection function should be easy to implement and spaceefficient. The former essentially means that the selection
function should fit well with the standard bottom-up
synthesis of OWDDs resulting from composition operators. Space-efficiency is often achieved by fixing the trivial weight id for a certain edge types (which then need
not be represented explicitly).

Theorem 6 (Universality and uniqueness). Let π
be a variable ordering, S a selection function and f :
Eval (Z) → IK. Then, there exists a unique S-reduced
π-OWDDs B with f = fB . (Uniqueness is up to isomorphism.)

OBDDs with negative edges. In the case of OBDDs
with negative edges the transformation-sets Φ = Φc =
{id , ¬} are used. The induced equivalence ≡NEG is the
finest relation that identifies each boolean function f and
its negation ¬f . Thus, for the selection function we have
the freedom to choose one of them. Many implementations use the selection function that drop the 0-drain
and attach a complement bit only to the 0-edges. This
corresponds to the unique selection function such that
SNEG (f )(1, . . . , 1) = 1 for all f ∈ B(Z).

Proof. It remains to provide the proof for the existence
of a S-reduced π-OWDD for f . The construction is by
induction on the number n of essential variables of f . If
n = 0 then f is constant. Let c = S(f ). There exists

EVBDDs. Edge-valued BDDs rely on the transformationtype TEV = (Φ, Φc ) where Φ = Φc = {x 7→ x + b : b ∈ IR}.
Thus, two IR-functions f, g are identified under the induced equivalence ≡EV if and only if f = g + b for some
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Fig. 6. Two different zero-successor-restricted FEVBDDs representing the same function

real number b. The standard way to ensure canonicity
is to require that all 0-edges are equipped with the trivial transformation id (i.e., the additive weight 0) and
that only the 0-drain is used. This restriction corresponds to the use of the unique selection function where
SEV (f )(0, . . . , 0) = 0 for all f ∈ IK(Z) holds.
FEVBDDs. In all examples above the transformation
sets Φ and Φc were the same. This is different for factored
EVBDDs that rely on affine transformations x 7→ ax + b
for (a, b) ∈ IR2 , a 6= 0, for all non-constant functions f ∈
IR(Z) and the translations x 7→ x + b (as in EVBDDs)
for the constant functions. However, this distinction does
not affect the induced equivalence ≡FEV which is given
by f ≡FEV g iff there exists real numbers a, b with a 6= 0
and f = ag + b.
The so-called rational rule presented in [43]4 requires
that the 0-drain represents all constant functions and
that the identity function is assigned to all 0-edges. The
corresponding selection function can be defined inductively. For the constant functions we deal with SFEVrat (c) =
0 for all c ∈ IR. Let us now assume that f ∈ IR(Z) is nonconstant and z the first essential variable of f (i.e., the
first variable z in the given ordering π such that f |z=0 6=
f |z=1 .) If f |z=0 is non-constant then SFEVrat (f ) = g where
g is the unique function equivalent to f (w.r.t. ≡FEVrat )
such that g|z=0 = SFEV (g|z=0 ). It remains to consider
the case that f |z=0 is constant and z the first essential
variable of f . Then, SFEVrat (f ) = g where g is the unique
function with f ≡FEV g such that g|z=0 = SFEVrat (g|z=0 )
g|z=1 = SFEVrat (g|z=1 ) + b for some b ∈ IR. Figure 6 provides an example to illustrate why the distinction between the cases “f |z=0 is constant” and “f |z=0 is nonconstant” is necessary. It shows two non-isomorphic reduced FEVBDDs with the 0-drain and where all 0-edges
are equipped with the trivial transformation id .
3.5 Composition operators
The standard implementation techniques that have been
proposed for ordinary OBDDs and realized in many BDD
4 The gcd-rule for FEVBDDs with just integer-values is also
presented.
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packages, can be adapted for OWDDs. This includes the
concept of shared OWDDs that rely on a fixed variable ordering π selection function S and represent several IK-functions in a single S-reduced graph. To keep
the graph S-reduced during the synthesis algorithms, we
use a unique-table that contains full information of each
node v by means of the tuple (z, hφ1 , succ 1 (v)i, hφ0 (v),
succ 0 (v)i.
Let us sketch the main steps of synthesis algorithms
that realize the construction of a sub-OWDD representing f op g where f, g ∈ IK(Z) and op is a binary operator on IK, e.g., + or ∗ for K = IR.5 We assume that f
and g are given as pairs hϕ, vi and hψ, wi consisting of
transformations ϕ, ψ ∈ Φ and nodes v, w in the shared
OWDD. That is, f = ϕ ◦ fv , g = ψ ◦ fw and ϕ ∈ Φc if v
is a drain, and the analogous condition for ψ. The rough
idea of the OWDD-synthesis algorithm follows the same
pattern as Bryant’s APPLY-algorithm for OBDDs and
relies on the fact that
(f op g)|z=0 = f |z=0 op g|z=0
= (ϕ ◦ φ0 (v)) ◦ fsucc 0 (v) op (ψ ◦ ψ0 (v)) ◦ fsucc 0 (w)
and the analogous equation for the positive cofactor of
f op g. Algorithm 1 sketches the main ideas of the weighted
APPLY-algorithms for OWDDs.
The arguments of APPLY(·) are two pairs hϕ, vi and
hψ, wi consisting of transformations ϕ, ψ ∈ Φ and nodes
v and w of a shared π-OWDD. (More precisely, we assume ϕ ∈ Φc if v is a drain, and similarly, ψ ∈ Φc if w
represents a constant function.)
Subroutine Find or Add(·) serves to realize the weighted
version of the OBDD-isomorphism rule. It takes as arguments a variable z and two pairs hϕξ , vξ i, ξ = 0, 1, consisting of a transformation ϕξ ∈ Φ and a node vξ at some
level below the z-level6 such that hϕ0 , v0 i =
6 hϕ1 , v1 i. The
purpose of Find or Add(z, hϕ1 , v1 i, hϕ0 , v0 i) is to return
a transformation-node-pair hϕ, vi such that
ϕ ◦ fv = ITE(z, hϕ1 , v1 i, hϕ0 , v0 i).
The latter requires to check in the unique-table whether
there exists a node v representing S(ITE(z, hϕ1 , v1 i, hϕ0 ,
v0 i)). If not then such a node has to be created and inserted in the unique-table. In addition, the transformation ϕ ∈ Φ has to be computed.
Similarly, Find or Add Drain(c) where c ∈ IK means a
subroutine that finds or adds a drain v with value(v) ≡ c
and returns the unique pair hϕ, vi with c = ϕ(value(v))
and ϕ ∈ Φc .
The assignment “z := min{var (v), var (w)}” means
that z is assigned to var (v) if either both v and w are
inner nodes and var (v) ≤ var (w) (according to the variable ordering π) or v is an inner node and w a drain.
5 op is extended to an operator op : IK(Z) → IK(Z) in the
standard way. That is, for f, g ∈ IK(Z), we put (f op g)(η) =
f (η) op g(η) for all η ∈ Eval(Z).
6 This means that v is either a drain or a z 0 -node for some
ξ
variable z 0 with z <π z 0 . Furthermore, ϕξ ∈ Φc if vξ is a drain.
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Similarly, if w is an inner node and v a drain then z =
var (w).
Algorithm 1 APPLY(hϕ, vi, hψ, wi, op)
(* input: a binary operation op : IK 2 → IK and
(*
two functions f = ϕ ◦ fv and g = ψ ◦ fw
(*
(given as pairs consisting of a transformation
(*
and a node of a shared OWDD)
(* output: a transformation-node-pair hλ, ui such
(*
that f op g = λ ◦ fu

*)
*)
*)
*)
*)
*)

if v and w are drains then
c := ϕ(value(v)) op ψ(value(w));
return Find or Add Drain(c)
else
z := min{var (v), var (w)};
for ξ = 0, 1 do
hid , vi
: if z <π var (v)
hϕξ , vξ i :=
hφ
(v),
succ
(v)i
: if z = var (v)
ξ
ξ

hid , wi
: if z <π var (w)
hψξ , wξ i :=
hφξ (w), succ ξ (w)i : if z = var (w)
hλξ , uξ i := APPLY(hϕ ◦ ϕξ , vξ i, hψ ◦ ψξ , wξ i, op)
end for
if hλ0 , u0 i = hλ1 , u1 i then
return hλ1 , u1 i
else
return Find or Add(z, hλ1 , u1 i, hλ0 , u0 i)
end if
end if

For simplicity, we skipped several details, such as the
use of a computed table to avoid multiple recursive calls
with the same arguments. For the general case, we have
to deal with a computed table where the entries contain
the tuples (hϕ, vi, hψ, wi, hλ, ui) consisting of the inputarguments and the result. Since now for each node-pair
(v, w) the worst-case number of possible recursive calls
(and entries in the computed-table) for the nodes v and
w is given by the product of the number of paths leading to nodes v and w, respectively, the APPLY-algorithm
can cause an exponential blow-up. However, in concrete
cases a simplified representation of the computed-table
and reduced number of recursive calls might be possible. This, for instance, holds for EVBDDs and the summation operator op = +, where it suffices to deal with
entries of the form (v, w, u) to denote that fu = fv + fw .
Depending on op and the chosen transformation-type
the APPLY-algorithm can also be simplified by adding
more terminal cases. For instance, dealing with FEVBDDs and the multiplication operator, no recursive calls
of the APPLY-algorithm are required if one of the input
nodes is a drain.
4 Normalized Algebraic Decision Diagrams
We now present a new instance of OWDDs for representing real-valued functions f ∈ IR(Z), called nor-

malized algebraic decision diagrams (NADDs). NADDs
rely on the transformation-type as FEVBDDs, i.e., the
transformation-type TFEV = (Φ, Φc ) where Φ = {x 7→
ax + b : a, b ∈ IR, a 6= 0} and Φc = {x 7→ x + b : b ∈ IR},
and thus, they represent all functions that can be transformed to each other via affine mappings by a single
node. NADDs differ from standard FEVBDD with the
rational or gcd-selection rule [43] by choosing representatives from each ≡FEV -equivalence class7 that are normalized in the sense that the minima and maxima of the
chosen representatives are 0 and 1, respectively. (This,
of course, only applies for the non-constant functions.)
Thus, the selection rule of NADDs SNADD assigns to each
function f ∈ IR(Z) a function g ∈ IR(Z) with g ≡FEV f
and min g = 0, max g = 1.
Definition 4 (Normalized real-valued functions).
Let g ∈ IR(Z). g is called normalized if min g = 0 and
max g = 1.

Lemma 3 (Normalization lemma). If f ∈ IR(Z) is
non-constant then there are exactly two normalized functions g and h that are ≡FEV -equivalent to f . Furthermore,
we have h = 1 − g.
Proof. We first observe that if f = ag+b where a, b ∈ IR,
a 6= 0 then f = (−a)(1 − g) + (b − a). Thus:
(i) if f ≡FEV g then f ≡FEV 1 − g.
Let m = min f and M = max f . Since f is non-constant
we have m < M . We now define g ∈ IR(Z) by
g=

1
M −m f

−

m
M −m .

Then, g ≡FEV f and min g = 0, max g = 1. This yields
the existence of at least two normalized functions (namely
g and 1 − g) that are ≡FEV -equivalent to f .
It remains to show that there are no other normalized
functions that are ≡FEV -equivalent to f . Let h ∈ IR(Z)
be normalized such that f = ch+d where d ∈ IR and c ∈
IR \ {0}. We may assume w.l.o.g. that c > 0. Otherwise
we replace h with 1−h and obtain f = (−c)(1−h)+(d−
c). Since h is normalized and c > 0 we get m = min f = d
and M = max f = c + d. Thus, c = M − m and
f = (M − m)h + m = (M − m)g + m
which yields h = g.



The normalization lemma yields that the selection
function for NADDs has to select one of the normalized
representatives
g=

1
M −m f

−

m
M −m

1
or 1 − g = − M −m
f+

M
M −m

in f ’s equivalence class, where M = max f and m =
min f . Note that for exactly one of these normalized
functions, the multiplicative weight is positive.
7 Recall that f ≡
FEV g if there exists a, b ∈ IR with a 6= 0 and
f = ag + b.
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In our implementation, we used the unique selection
function SNADD such that the multiplicative weight of
each 0-edge leading to an inner node is positive, while
for nodes where the 0-edge leads to a drain, the multiplicative weight of the 1-edge is required to be positive.
More precisely, SNADD (f ) = 0 for all constant functions
f . That is, only the 0-drain is used. If z is the first essential variable of f (according to the given variable ordering π) and f |z=0 is not constant then SNADD (f ) is the
unique normalized function g with f ≡FEV g such that
g|z=0 = aSNADD (g|z=0 ) + b where a > 0. If z is the first
essential variable of f (according to the given variable
ordering π) and f |z=0 is constant then SNADD (f ) is the
unique normalized function g with f ≡FEV g such that
g|z=1 = aSNADD (g|z=1 ) + b where a > 0.
Besides supporting scalar multiplication and the addition of constants constants, NADDs enjoy the property that function minima and extrema can be derived
from the NADD representation. Note that if function f
is represented by the tuple h(a, b), vi if a > 0 where v is
a NADD-node and a, b are reals then max f = a + b and
min f = b if a > 0, while max f = b and min f = a + b if
a < 0. Thus, with NADDs min f and max f can be computed in constant time. Note, for other selection functions for FEVBDDs, such as SFEV , the computation of
min f or max f requires a traversal of the subgraph for
f.
On the other hand, selection rules like SFEV permit a more sparse representation of inner nodes by tuples consisting of a variable name, the two successor
nodes and two real values a1 , b1 that provide the labeling of the 1-edge. Since the 0-edges of a SFEVrat -reduced
FEVBDD are labeled with the identity function no additional information for the 0-edges is required. At the first
view, NADDs seem to require a less memory-efficient
representation where for each z-node v four real numbers a0 , b0 , a1 , b1 have to be stored (where a0 , b0 denote
that fv |z=0 = a0 fsucc 0 (v) + b0 and a1 , b1 indicate that
fv |z=1 = a1 fsucc 1 (v) + b1 ). However, it suffices to store
three of the values a0 , b0 , a1 , b1 . This is due to the fact
that the minimum of the four values a0 + b0 , b0 , a1 + b1
and b1 is 0, while their maximum is 1. Hence, rather
than storing a0 , b0 , a1 , b1 it suffices to remember two of
these four parameters and the parameter combination
that yield the extrema 0 and 1. For an example, let us
assume that a0 = 12 , b0 = 12 , a1 = − 23 and b1 = 23 . Then,
the values b0 and b1 can be derived from the two values a0 and a1 and the information that a0 + b0 = 1 and
a1 + b1 = 0.
Clearly, the internal representation of NADDs obtained by this observation is still less efficient than for
FEVBDDs with the rational selection function (which
just requires to store a1 , b1 ). However, a further trick can
be applied that equalizes the memory requirement for
NADDs and FEVBDDs with the rational selection function. This trick that has been realized in our implementation (see Section 5) relies on the fact that on modern
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computer systems the beginning of the allocated memory is always aligned to word boundaries, and hence, the
last bits of the given pointers are zero. As the memory
required for a NADD-node is a multiple of a byte, the
last bits of these pointers can be used to store the parameter combination that yield the extrema 0 and 1.
Our experimental studies showed that with this implementation trick the memory usage of NADDs equals
those of FEVBDDs with the rational selection function,
while the time effort to handle these bits is negligible.
In fact, in the example of linear programs (discussed
in more detail in the next section) the advantages of
NADDs over FEVBDDs with other selection function
prevail the drawback of the additional computation time
for the normalization.

5 Implementation
In the sections above we introduced a generic framework to reason about different OBDD variants. We now
summarize the main features of our OBDD library JINC
that realizes several OBDD variants and realizes the
generic framework of OWDDs by means of templetization. The current version of JINC supports reasoning with ordinary OBDDs, OBDDs with negated edges,
MTBDDs, NADDs and FEVBDDs, and in addition the
zero-surpressed variants of OBDDs and MTBDDs. (The
latter do not fit in the OWDD-framework since they do
not rely on the Shannon expansion. However, other expansion rules can be treated with similar concepts.) JINC
is written in C++ and available via www.jossowski.de .
5.1 Concept
The key motivation of JINC was to convert the more general approach of OWDDs into an efficient OBDD package. Therefore, JINC uses well established concepts from
already known OBDD packages and implementation theories like [13, 20, 12]. Some of JINCs enhancements are
discussed below.
The most important data-structure provided by JINC
is the unique table. This table ensures the freedom of redundancies. JINC makes extensive use of templetization.
The nodes of an OBDD variant are implemented as an
object. The implementation of this basic class enables
the use of all data structures provided by JINC. The
unique table template is usually hidden in the variable
template and is only used directly when performance is
essential.
With this concept the implementation of a new BDD
variant into JINC is reduced to the implementation of
the different selection function. Most of the commonly
used data-structures can be used without any modification. This is possible because of the high templatization of JINC. The design concept of JINC is illustrated in
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Figure 7. The internal API must be provided by every
variant. The public API uses the internal API to provide high level operations. The template level provides
data-structures and algorithms that are common for all
variants. The dependencies between the different parts
are also shown in Figure 7.
The best example for the concept (and the dependencies) are the reordering algorithms on different OBDD
variants. The basic operation behind all reordering algorithms is the swap of two neighbored variables. The
only difference between reordering algorithms on different OBDD variant relies on different swap implementations. JINC uses this observation and provides a reordering template. After implementing the swap function for a
new variant all reordering methods can be used without
any further work.
Other data-structures like computed tables, variable
template, etc are also provided by JINC. These datastructures are very flexible and at the same time efficient. The variable template provides functions to alter
the variable variable ordering. Variables can be inserted
and deleted at any point of the variable ordering. The
variable ordering template makes it possible to abstract
away from the variable ordering.
Computed tables are implemented as self resizing
hash tables with an arbitrary number of arguments. Every new algorithm can use computed tables to dramatically speed-up the computation.
JINC comes with some OBDD variants. For this paper NADDs were implemented in JINC. Although the
generic formulation of the APPLY-algorithm could be
used as a template for all OWDD-instances. However,
for efficiency reasonings separate formulations for either
OWDD-instance and composition operator are more appropriate since they allow to incorporate terminal cases
that are special for the concrete OWDD-instance and
composition operator under consideration. For example,
when computing the minimum of two functions f and g
with NADDs, then the computation can be aborted, e.g.,
whenever max f < min g. For this reason, JINC provides
optimized versions of the generic APPLY algorithm for
all OBDD variants mentioned above.
Like common BDD packages JINC uses a delayed
garbage collection to increase the efficency of the computed tables. This is also done via reference count. The
main difference to other BDD packages is the collect
phase. Whenever a node reaches a reference count equal
to zero JINC marks this node as not used. JINC does not
traverse the subtree to identify the other dead nodes.
This moves the expensive traverse phase to the already
expensive garbage collection phase. The advantage of
this approach is that in the cases of marking nodes as
dead and reuse them later on, JINC is much faster. The
garbage collection phase is not measurable slower than in
other packages. The disadvantage of this method is that
only the number of dead functions is counted and not the
number of dead nodes. With the number of dead nodes

the amount of unused but reserved memory can be used.
Another difference is that dead nodes are not stored in
a list. Every unique table (each variable has its own)
counts the number of dead nodes. In the case of garbage
collection only levels with dead nodes are considered. Inside the unique table a bit-map is used to identify dead
nodes efficiently. With this approach very little memory
is used compared to the list. The other advantage is that
masking a bit is much easier than searching for a dead
node in a list.
This is also an other example of the templatization
approach from JINC. The unique table is responsible
for all garbage collection tasks. All above-mentioned behaviour is hidden inside the unique table template.
5.2 API
Besides this concept of easy extension JINC provides a
clean API to reduce the errors while developing and implementing symbolic algorithms. The best way to show
how easy it is to use JINC is to show some example code.
ADDFunction x=”x”;
ADDFunction y=”y”;
ADDFunction f=3*x+y+6;
The example above creates the projection function on
x and y. The function f is then defined as 3 · x + y + 6.
Another example is the symbolic reachability analysis. Let δ be a transition function, org the conjunction over all original variables xi (this is the cube set
representation of the set of all original variables) and
π = (x1 , x01 , . . . , xn , x0n ) the variable ordering. Mind that
the original variables xi and the copy variables x0i are
interleaved arranged.
A reachablity analysis algorithm (starting in v) implemented in JINC could look like:
ADDFunction visited=v;
ADDFunction oldVisited;
while(visited!=oldVisited){
oldVisited=visited;
visited=visited | (δ&visited).exists(org).moveUp();
}
The moveUp() command moves up all nodes one
level. With the interleaved variable ordering this has
the same effect as renaming all copy variables to original variables. The initial phase of this algorithm sets
the starting vertex v. The variable oldVisited is used to
store the former result of the while-loop. Whenever visited equals oldVisited the algorithm has calculated all
reachable vertices and thus reached a fix-point. The first
command in the while-loop updates the set oldVisited.
The second command calculates all vertices that are
reachable from visited within one step and adds these
to visited. In more detail:
– (δ&visited) calculates the transition relation limited to transitions starting in visited
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Fig. 7. The internal design of JINC

– exists(org) eliminates the starting vertices and thus
results in the set of vertices that is reachable in one
state (represented with copy variables)
– moveUp() renames the copy variables to original
variables
– visited=visited — . . . unions the former calculated
vertices with the newer ones
The two examples above show how easy it is to write
BDD based algorithms.
6 Experimental results
6.1 {0, 1}-Integer Linear Programming
In Section 4, NADDs that can calculate the minimum
and maximum value of a function in constant time have
been introduced. A well suited application for this kind
of calculation is the integer linear programming. In this
section we want to show that NADDs outperform other
OBDD variants in this area. It is important to mention
that for the construction of NADDs every node has to
be normalized and thus a minimum and maximum calculation is already done. Therefore the used benchmarks
are focused on building time, cofactor calculations and
following maximum calculation. This kind of application
is heavily used in probabilistic model checking [3, 26].
Linear Programming means the optimization of a
given (linear) function with constraints formatted by an
inequality Ax ≤ b for some matrix A and vector b. Many
practical problems can be solved with Integer Linear
Programming which is a special instance of linear programs where the input variables are integer variables. In
this section we express this integer variables with several
Boolean variables so that OBDDs can be used.

max f (ξ) = max{ max f (ξ0 ), max f (ξ1 )}
ξ∈S

S0

ξ0 ∈S0

ξ1 ∈S1

S1
S

Fig. 8. Idea of the OBDD-based algorithm for integer linear programs

The set of feasible values for the variables can be
expressed with regular OBDDs in a natural way. A basic algorithm based on ADDs would check all possible
configurations and thus calculate the optimal value of a
function with respect to the given constraints. Figure 8
illustrates the idea of an OBDD-based algorithm. In every step the set of feasible solutions S is splitted into
S|z=0 = S0 and S|z=1 = S1 if z is an essential variable of
S. The result of this ILP will be calculated recursively.
Algorithm 2 shows the pseudo-code of this idea. The
same algorithm could easily extended to fit the special
property of NADDs. At each level it could be checked if
the best solution so far is better than the best solution
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that could be found in the remaining sub-function, i.e.
max(f |z=i ) < ILP (S(1−i) , f |z=(1−i) ), i ∈ {0, 1}.
Algorithm 2 Basic ILP Algorithm
Input:
Output:

Goal function f and set of feasible solutions S
Maximal value x ∈ (IR ∪ {−∞}) of f
with respect to S
if f is constant then
if S = 0 then
return −∞
else
return value(f )
end if
else
z ← min{var (f ), var (S)}
w0 ← ILP (f |z=0 , S|z=0 )
w1 ← ILP (f |z=1 , S|z=1 )
return max{w0 , w1 }
end if

This modification is shown in Algorithm 3. The modified algorithm is well suited for NADDs because the
check if the computation can be stopped can be done in
constant time. We do not want to introduce any ”smarter”
algorithm to compute the maximum value of f with respect to given constraints. We just want to compare the
properties of different variants in a given application.
The details how to construct f and S will not be discussed here because this can be done in a straight way.
Table 1 shows the comparison between MTBDDs and
FEVBDDs with the rational selection function (henceforth called FEVBDDs) and NADDs with different {0, 1}ILP-problems taken from [29]. The construction times
for FEVBDDs and NADDs are almost equal. FEVBDDs perform a little bit better in this kind of operation
because the selection function is a bit easier to calculate.
ADDs do not perform well because of its size.
The results show that in all benchmark {0, 1}-ILPs
NADDs outperform the other variants. In some {0, 1}ILPs ADDs are better than FEVBDDs and vice versa.
An explanation for this is that in some cases the calculation of the unique representative for FEVBDDs is more
time consuming than the bigger size of the ADDs.
6.2 CUDD vs JINC
To show the efficiency of JINC is implemented we want
to compare the running time of JINC with the wellestablished BDD package CUDD. The comparison with
CUDD has been chosen because other libraries like the
ABCD package [6] and BDDNOW were developed with
an other intention like parallelization or do not include
ADDs. A comparison between CUDD and BuDDy [37]
shows that the performance of both packages is almost
the same. The OBDD package wld [19] also provides a
generic platform for BDD-variants, but the main focus is

Algorithm 3 Modified ILP Algorithm
Input:
Output:

Goal function f and set of feasible solutions S
Maximal value x ∈ (IR ∪ {−∞}) of f
with respect to S
if f is constant then
if S = 0 then
return −∞
else
return value(f )
end if
else
z ← min{var (f ), var (S)}
i ← random Element out of {0, 1}
wi ← ILP (f |z=i , S|z=i )
if max(f |z=(1−i) ) < wi then
return wi
end if
w(1−i) ← ILP (f |z=(1−i) , S|z=(1−i) )
return max{w0 , w1 }
end if

Kanban

CUDD

JINC

4
5
6
7
8
9

1
2.5
5.6
14
33
61

0.7
1.5
2.9
5
13
21

Table 2. Comparison between CUDD and JINC

on the Reed Muller decomposition and (variants of) binary moment diagrams (BMD, *BMDs, K*BMDs, etc.).
The wld-package is appropriate for word-level verification of hardware systems, while we concentrate on the
Shannon decomposition which appears to be more adequate for complex matrix operations, which, e.g., are
required in the context of the quantitative analysis of
probabilistic systems.
We used a BDD-based state space generator and
solver [27] for the Moebius performance evaluation tool
to benchmark JINC with CUDD. As a benchmark we
choose the production system Kanban in different sizes.
Table 2 shows how well JINC performs in algebraic computations in comparison to CUDD. The comparison between different packages is always difficult so that we
tried to eliminate troublesome effects like garbage collection and dynamic reordering. We set the parameters for
both packages so that no garbage collection took place
and we turned off the dynamic reordering.
For another comparison between JINC and CUDD
we are using the probabilistic model checker Prism [38]
(which uses CUDD for the symbolic calculation) and
PROMOC [36] (which uses JINC). The leader election
protocol from [23] is used as a benchmark.
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Problem

Inputs

Constraints

ADD (Build)

ADD

FEVBDD (Build)

FEVBDD

NADD (Build)

NADD

p0033
stein27
bm23
lseu

33
27
27
89

16
118
20
28

0.06
2.35
83.22
254.47

0.34
36.32
80.92
−

0.09
2.29
92.38
271.72

0.26
2.05
102.04
−

0.10
2.41
94.04
278.93

0.10
0.46
7.79
25.7
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Table 1. Results of ADDs, FEVBDDs and NADDs for different ILPs

N
4
4
4
4
4
4
5
5
5
5
6
6
6

K
2
4
6
8
10
12
2
4
6
8
2
4
6

ADD (PROMOC)
0
1
2
3
7
8
0
3
19
48
1
11
175

ADD (Prism)
0
0
2
6
19
42
0
2
11
335
0
12
206

Table 3. Calculation times to verify that a leader is elected with
probability one

The leader election protocol is used to elect a leader
out of N processors. In this case all processors are arranged in a synchronous ring.
This protocol uses the idea that every processor randomly chooses a number from 1 to K. All chosen numbers are passed around the ring. The processor with the
highest chosen number will be the leader. If there are
more than one processors with the same number, the
election starts again.
Table 3 shows the times (in seconds) needed to verify
that a leader is elected with probability one. Both tools
use the same input language, the same variable ordering and have the same internal representation. In this
benchmark it can be seen that JINC is again faster than
CUDD in most cases. JINC has a better scalability than
CUDD. CUDD initializes very fast and is therefore faster
in smaller benchmarks.

7 Conclusion
In this paper we introduced a generic framework to reason about reducedness and canonicity of different OBDD
variants. This framework supports the introduction of
new OBDD variants and the study of the advantages and
disadvantages of every variant. Every variant of FEVBDDs share the advantages for multiplication and addition. With the selection function for FEVBDDs it is possible to benefit from even more advantages. NADDs sup-

port the calculation of the maximum and minimum value
of a function in constant. The disadvantage of NADDs
(the additional number of parameters) could be reduced
to some bits. The implementation of NADDs made it
possible that FEVBDDs (with the rational rule) and
NADDs are of equal size.
NADDs are well suited for minimum and maximum
calculation. The advantages of NADDs over other variants (ADDs, FEVBDDs, ...) have been shown in a {0, 1}ILP benchmark. The OBDD library uses for this benchmark was JINC.
The design of JINC follows the principals of OWDDS
and thus leads to a clean and fast OBDD library. First
experiments showed that the use of JINC in context of
probabilistic model checking seems to be very promising.
In future work we will study in more detail which DDvariant is most adequate for the symbolic quantitative
analysis of randomized protocols and other probabilistic
systems.
JINC is already successfully used from other research
teams (e.g.[28] in the application of data-mining).
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